is taken into account, surprisingly, the same scenario can manifest the simplest one-way steering and the strongest hierarchy between steering and Bell nonlocality. To illustrate these intriguing phenomena in simple setups, several concrete examples are discussed in detail, which facilitates experimental demonstration. In the course of study, we introduce the concept of restricted LHS models and thereby derive a necessary and sufficient semidefinite-programming criterion to determine the steerability of any bipartite state under given measurements. Analytical criteria are further derived in several scenarios of strong theoretical and experimental interest.
The simplest Bell scenario consists of two parties, Alice and Bob, and two binary measurements for each party [3, 25, 26] . The set of correlations is Bell nonlocal if and only if (iff) it violates the Clauser-Horne-Shimony-Holt (CHSH) inequality [25] , which is a full-correlation inequality. In addition, there is a simple criterion on which two-qubit states can generate such correlations [27, 28] . The simplest steering scenario also consists of two binary measurements for each party, assuming that Bob (the steered party) can only perform projective measurements. Recently, Cavalcanti et al. introduced an analog CHSH inequality and showed that the set of full correlations (excluding marginal statistics) is EPR nonlocal iff this inequality is violated, assuming mutually unbiased measurements for Bob [29] . However, little is known about which two-qubit states are EPR nonlocal in the simplest steering scenario.
Here we show that a two-qubit state can generate EPRnonlocal full correlations (excluding marginal statistics) in the simplest steering scenario iff it can generate Bellnonlocal correlations (note that, in the simplest scenario, Bell nonlocality depends on full correlations, but not on marginal statistics [28] ). When full statistics (including marginal statistics) is taken into account, surprisingly, the same scenario can demonstrate the simplest one-way steering and the strongest hierarchy between steering and Bell nonlocality. In particular, we show that certain two-qubit states are steerable one way in the simplest scenario, but are not steerable the other way (and thus necessarily Bell local) even if one can perform the most sophisticated measurements allowed by quantum mechanics. To illustrate these intriguing phenomena, several concrete examples are discussed in detail, which are amenable to demonstration in simple experiments.
In the course of study, we introduce restricted LHS models, and thereby derive a semidefinite program (SDP) for determining the steerability of any bipartite state under given measurements. Furthermore, we derive necessary and sufficient analytical criteria in several cases of strong theoretical and experimental interest, for example, when Alice and Bob share a two-qubit state and Alice performs two binary measurements.
Our study settles a fundamental question on steering in the simplest nontrivial scenario, which may serve as a starting point for exploring steering in more complicated scenarios. Meanwhile, it provides valuable insight on the relations between entanglement, steering, and Bell nonlocality. It also helps explain the relation between steering and incompatibility of observables, which complements several recent studies [15, 21, 30, 31] .
The rest of the paper is organized as follows. In Sec. II, we introduce the concept of restricted LHS models and thereby propose a SDP for determining the steerability of bipartite states under given measurements of the two parties. In Sec. III, we derive a necessary and sufficient steering criterion in the simplest nontrivial scenario. In Sec. IV, we show that a two-qubit state can generate EPR-nonlocal full correlations in this scenario iff it can generate Bell-nonlocal (full) correlations. The relations between entanglement, EPR steering, and Bell nonlocality are then discussed briefly. In Sec. V, we provide a concrete example to show that violation of full-correlation inequalities is sufficient, but not necessary, for demonstrating steering even in the simplest steering scenario, in sharp contrast with the simplest Bell scenario. This example also manifests a strict hierarchy between steering and Bell nonlocality. In Sec. VI, we show that the above steering scenario can demonstrate one-way steering and the hierarchy between steering and Bell nonlocality in the simplest and strongest form. Section VII summarizes this paper.
II. STEERING CRITERIA BASED ON RESTRICTED LHS MODELS A. Restricted LHS models
Suppose Alice and Bob share a bipartite state ρ and they can perform measurements in the sets M A and M B , respectively, which are referred to as measurement assemblages henceforth. Let p(a, b|A, B) be the probability of obtaining the outcomes a and b when Alice and Bob perform measurements A ∈ M A and B ∈ M B . Then the state ρ is steerable if the set of probability distributions p(a, b|A, B) does not admit an LHV-LHS model [4, 11] ,
Here, p(a|A, λ) for each A and λ denotes an arbitrary probability distribution as does p λ , while p(b|B, ρ λ ) = tr(ρ λ B b ) denotes the quantum probability of outcome b when Bob performs the measurement B on the state ρ λ , where B b is the effect [element in a positive-operatorvalued measure (POVM)] corresponding to outcome b. If Alice performs the measurement A ∈ M A on the bipartite state ρ and obtains the outcome a, then Bob's subnormalized reduced state is ρ a|A = tr A [(A a ⊗ I)ρ], which satisfies a ρ a|A = ρ B := tr A (ρ). The set of states {ρ a|A } a for a given measurement A is an ensemble for ρ B , and the whole collection of ensembles {ρ a|A } a,A is a state assemblage [32] . The state assemblage {ρ a|A } a,A is unsteerable if there exists an LHS model [4, 11, 15, 21, 30, 31] ,
where p(a|A, λ) ≥ 0, a p(a|A, λ) = 1, and p λ ρ λ form an ensemble for ρ B . The steerability of the assemblage {ρ a|A } a,A can be determined by SDP [32, 33] . To elucidate the connection between the LHS model in Eq. (2) and the LHV-LHS model in Eq. (1), here we introduce the concept of restricted LHS models. Let B(H) be the space of all operators acting on Bob's Hilbert space H and V ≤ B(H) a subspace. The assemblage {ρ a|A } a,A admits a V-restricted LHS model if
where p(a|A, λ) ≥ 0, a p(a|A, λ) = 1, and p λ ρ λ form an ensemble for a quantum state. In that case, the state assemblage {ρ a|A } a,A is called V-unsteerable. The assemblage is unsteerable iff it is B(H)-unsteerable. Any Vunsteerable assemblage is also W-unsteerable if W ≤ V.
Suppose R is the space spanned by all the effects B b in Bob's measurement assemblage. Then the set of probability distributions p(a, b|A, B) admits an LHV-LHS model iff the state assemblage {ρ a|A } a,A is R-unsteerable in view of the relation p(a, b|A, B) = tr(ρ a|A B b ).
The existence of such a model does not depend on any detail of Bob's measurement assemblage except for the span R.
B. Semidefinite programming for determining steerability
The V-steerability of the assemblage {ρ a|A } a,A can be resolved by a similar SDP used for determining the steerability of {ρ a|A } a,A . To start with, let us first review the SDP for determining the steerability of the assemblage {ρ a|A } a,A . Recall that {ρ a|A } a,A is steerable iff it does not admit an LHS model as
where σ λ = p λ ρ λ form an ensemble of ρ B . Here the conditional probability distributions p(a|A, λ) can be replaced by deterministic conditional probability distributions D(a|A, λ), which are extremal. Then the steerability of the assemblage can be determined by the following SDP [32, 33] ,
The assemblage {ρ a|A } a,A is R-steerable iff it cannot be written as follows,
(7) Let {Π j } be a basis of R. Then the R-steerability can be determined by the following SDP,
In this way, the steerability of any bipartite state under given measurements can be determined by SDP.
III. EPR-NONLOCAL CORRELATIONS IN THE SIMPLEST SCENARIO
A. The simplest steering scenario
What is the simplest steering scenario? This question has attracted a lot of attention recently [26, 29, [34] [35] [36] . To demonstrate steering, Alice and Bob need to share an entangled state, and the simplest candidate is a two-qubit state. Alice also needs a choice over her measurements, and the simplest measurement assemblage consists of two projective measurements. It is not necessary for Bob to have a choice over different measurements, but the effects in his measurement assemblage cannot commute with each other pairwise, so the span of these effects has dimension at least 3; the simplest measurement assemblage satisfying this property consists of either two projective measurements or one trine measurement [26] . To summarize, in the simplest steering scenario, Alice and Bob share a two-qubit state, and there are two choices for the measurement setting:
1. Two projective measurements for Alice and Bob, respectively.
2. Two projective measurements for Alice and one trine measurement for Bob.
Here, scenario 2 is singled out by the least complexity cost of 12, where the complexity cost is the number of possible patterns of joint detection outcomes that can occur [26] ; see Appendix A. In practice, however, it is usually easier to perform two projective measurements than one trine measurement, so we shall focus on scenario 1 in the following discussions. Note that the span of effects of any trine measurement on a qubit can be realized by two projective measurements, and vice versa. In view of the restricted LHS models discussed above, the two scenarios are actually equivalent as far as determining steerability is concerned, although one scenario may be easier than the other for experimental implementation. Therefore, many of our conclusions on scenario 1 are also applicable to scenario 2. In addition, similar analysis is applicable when the projective measurements of Alice and Bob are replaced by general binary measurements.
B. Necessary and sufficient steering criterion
The steerability of any two-qubit state under arbitrary given measurements can be determined using the SDP presented in Sec. II B. In the simplest steering scenario, we can even derive an analytical criterion.
Consider the two-qubit state
where σ j for j = 1, 2, 3 are three Pauli matrices, σ is the vector composed of them, α and β are the Bloch vectors for Alice and Bob, respectively, and T = (t ij ) is the correlation matrix. Both Alice and Bob can choose two projective measurements as described by {A 1 , A 2 } = {a 1 ·σ, a 2 ·σ} and {B 1 , B 2 } = {b 1 ·σ, b 2 ·σ}, respectively, where a 1 , a 2 , b 1 , b 2 are unit vectors in dimension 3, referred to as measurement vectors henceforth. The two outcomes of each measurement are denoted by ±. If Alice obtains outcomes ± given measurements m = 1, 2, then the unnormalized reduced states of Bob are given by
where
The span of effects of Bob's measurements is R = Span{I, b 1 ·σ, b 2 ·σ}, which is three dimensional except in the trivial case in which b 1 and b 2 are parallel or antiparallel. The state ρ is steerable under given measurements iff the assemblage {ρ ±|m } m=1,2 is Rsteerable.
Letρ B be the orthogonal projection of ρ B onto R. Then,ρ B is a density matrix whose Bloch vector is the projection of the Bloch vector β of ρ B onto the plane spanned by b 1 , b 2 . Letρ ±|m be the orthogonal projection of ρ ±|m onto R; then {ρ ±|m } m=1,2 is an assemblage forρ B . To be concrete, we havẽ
wherẽ
and b To appreciate the significance of the R-restricted assemblage {ρ ±|m } m=1,2 , note that it is steerable iff {ρ ±|m } m=1,2 is R-steerable, that is, iff ρ is steerable under given measurements.
Ifρ B is not invertible, then it is pure, so the assemblage {ρ ±|m } m=1,2 cannot be steerable. Otherwise, the steerability of {ρ ±|m } m=1,2 is equivalent to the incompatibility of the set of steering-equivalent observables {O ±|m } m=1,2 [31] with
The latter statement is equivalent to the noncoexistence of the two qubit effects O +|1 and O +|2 , which can be determined analytically [31, [37] [38] [39] . To be specific, express O ±|m as follows:
where η m is a real constant, and r m is a real vector in dimension 3, which satisfies |η m | + |r m | ≤ 1. Then, O +|1 and O +|2 are coexistent iff [39] (
In this way, we can determine analytically the steerability of any two-qubit state under two given projective measurements on each side. We emphasize that all the parameters entering the inequality in Eq. (15) are determined by measurement vectors of Bob and measurement statistics. So it is straightforward to test this inequality in experiments. To see this, note that
Therefore, α · a m is determined by measurement statistics;β andγ m are determined by measurement statistics and Bob's measurement vectors according to Eqs. (12) and (17) (note that b
Consequently,ρ B andρ ±|m are completely determined by measurement vectors of Bob and measurement statistics, from which our claim follows. In practice, we may also use other tomographic methods for reconstructingρ B and ρ ±|m , which may offer some advantage. For example, the maximum-likelihood method [40, 41] can ensure the positivity of the operators reconstructed. This topic has received little attention in the study of steering, but deserves further study in its own right.
The above analysis is still applicable even if Alice performs two general binary measurements and Bob performs arbitrary measurements. In addition, the dimension of Alice's Hilbert space can be larger than 2. To see this, note that the span R of effects in Bob's measurement assemblage has dimension 1 to 4. In addition, Bob's state assemblage {ρ ±|m } m=1,2 has two ensembles, each of which consists of two subnormalized qubit states as in the above discussion, and the same holds for the R-restricted assemblage {ρ ±|m } m=1,2 . The bipartite state shared by Alice and Bob is steerable by the given measurements iff {ρ ±|m } m=1,2 is steerable. When dim(R) = 4, we havẽ ρ ±|m = ρ ±|m ; when dim(R) ≤ 3,ρ ±|m can be computed in a similar way as in the above discussion. In addition, the state cannot be steerable when dim(R) ≤ 2, in which case all effects in Bob's measurement assemblage commute with each other and thus can be diagonalized simultaneously.
IV. COINCIDENCE OF EPR-NONLOCAL FULL CORRELATIONS AND BELL-NONLOCAL CORRELATIONS IN THE SIMPLEST SCENARIO
Although the steering scenario discussed in Sec. III looks simple, it is nontrivial to determine the steerability of a generic two-qubit state under optimal measurements. It is instructive to note that in the simplest Bell scenario, the CHSH inequality, a full-correlation inequality, is the only nontrivial Bell inequality [25, 28] . To address a similar problem in the steering scenario, an analog CHSH inequality was recently proposed by Cavalcanti et al. in the case Bob performs two mutually unbiased projective measurements [29] , which was extended to a more general setting later [42] . In this section, we propose a simpler analog CHSH inequality whose violation is both necessary and sufficient for demonstrating EPR-nonlocal full correlations (excluding marginal statistics). Furthermore, we determine the maximum violation of the analog CHSH inequality for any two-qubit state and thereby show that a two-qubit state can generate EPR-nonlocal full correlations in the simplest steering scenario iff it can generate Bell-nonlocal correlations.
A. Analog CHSH inequality for EPR-nonlocal full correlations
The full correlations between A m and B n for m, n = 1, 2 are given by the third line in Eq. (17) . The set of full correlations is Bell nonlocal if it does not admit an LHV model [3, 7, 28] ,
Here,
where p λ is an arbitrary probability distribution, while p(±|A m , λ) and p(±|B n , λ) are arbitrary conditional probability distributions. It turns out that such a model cannot exist iff these correlations violate the celebrated CHSH inequality [25, 28] ,
up to relabeling of the measurements and outcomes. The set of full correlations is EPR nonlocal if it does not admit an LHV-LHS model [29] ,
Compared with the LHV model in Eq. (18), here the only difference is that p(±|B n , ρ λ ) are quantum probabilities determined by the Born rule.
Recently, an analog CHSH inequality was derived in Ref. [42] based on the earlier work in Ref. [29] , which yields a necessary and sufficient criterion on demonstrating EPR-nonlocal full correlations in the simplest steering scenario. Here we propose a simpler criterion. Theorem 1. In the simplest steering scenario, the set of full correlations is EPR nonlocal iff the analog CHSH inequality
is violated, where b Unlike the CHSH inequality, the analog CHSH inequality in Eq. (23) is not linear in the correlation functions. Accordingly, the set of EPR local correlations (those correlations that admit LHV-LHS models) does not form a polytope. In addition, EPR-nonlocal full correlations do not necessarily violate the CHSH inequality and can be Bell local (that is, admit LHV models) in certain scenarios. This conclusion is in contrast with the fact that EPRlocal correlations can attain the same upper bound 2 of the CHSH inequality as Bell-local correlations [34] . The criterion in Theorem 1 bears a strong resemblance to the criterion on the noncoexistence of two unbiased qubit effects [43, 44] ; this is not a coincidence, as reflected in the following proof.
Proof. According to the discussion in Sec. III, the twoqubit state ρ in Eq. (9) is steerable under the measurements A 1 , A 2 , B 1 , B 2 iff the assemblage {ρ ±|m } m=1,2 in Eq. (11) is steerable. If ρ is a Bell-diagonal state, theñ ρ ±|m = (1 ±γ m · σ)/4 given that α = β = 0. According to Lemma 1 below, {ρ ±|m } m=1,2 is unsteerable iff
Alternatively, this equation also follows from Eq. (15). According to Eqs. (12) and (17), Eq. (24) is equivalent to the analog CHSH inequality in Eq. (23) . For Belldiagonal states, the marginal statistics are completely random, so the existence of an LHV-LHS model for full correlations is equivalent to the existence of an LHV-LHS model for full statistics. Therefore, the set of full correlations is EPR local iff the analog CHSH inequality is satisfied. When ρ is not a Bell-diagonal state, let ̺ be the Bell diagonal state with the same correlation matrix as ρ. Then, ̺ and ρ generate the same full correlations. In particular, the set of full correlations generated by ρ is EPR local iff that generated by ̺ is EPR local. Now Theorem 1 follows from the above conclusion on Bell-diagonal states.
In general, violation of Eq. (24) is sufficient, but not necessary, for witnessing steering of the assemblage {ρ ±|m } m=1,2 (cf. Secs. V and VI). Accordingly, violation of the analog CHSH inequality is sufficient, but not necessary, for demonstrating steering even in the simplest steering scenario. Lemma 1. Let {ρ ±|m } m=1,2 be a qubit assemblage with
If {ρ ±|m } m=1,2 is unsteerable, then
If ν 1 = ν 2 = 0 and β = 0, then {ρ ±|m } m=1,2 is unsteerable iff Eq. (26) is satisfied.
Remark 1. When β = 0, the lemma follows from the result on the coexistence of two qubit effects [43, 44] .
Proof. If {ρ ±|m } m=1,2 is unsteerable, then any assemblage obtained from {ρ ±|m } m=1,2 by applying a unitary transformation is also unsteerable. In addition, permuting the elements in each ensemble in the assemblage does not change steerability. Therefore, the as- is unsteerable. In view of the relation between steerability and joint measurability [15, 31] , this means that the measurement assemblage {(I ± γ m · σ)/2} m=1,2 is compatible, which is the case iff Eq. (26) is satisfied according to Ref. [43] .
If ν 1 = ν 2 = 0 and β = 0, then {ρ ±|m } m=1,2 is unsteerable iff the measurement assemblage {(I±γ m ·σ)/2} m=1,2 is compatible, which is the case iff Eq. (26) is satisfied [43] .
If Bob's measurements are mutually unbiased, that is,
, so that Eq. (23) reduces to the special analog CHSH inequality
which was first derived by Cavalcanti et al. [29] (and called the analog CHSH inequality in their paper). Comparison of Eqs. (20) and (27) may give the impression that it is easier to generate EPR-nonlocal full correlations than Bell-nonlocal (full) correlations.
B. A surprising coincidence
Theorem 2. A two-qubit state can generate Bellnonlocal correlations in the simplest nontrivial scenario iff it can generate EPR-nonlocal full correlations.
This theorem follows from Theorem 3 below. An alternative proof is presented in Appendix B. Shortly after our original draft was posted (arXiv:1601.00962v1), Girdhar and Cavalcanti derived a similar result independently (arXiv:1601.01703), which has been published by now [42] .
Theorem 3. The maximal violation S of the analog CHSH inequality by any two-qubit state with correlation matrix T is equal to the maximal violation of the CHSH inequality, namely, S = 2 √ λ 1 + λ 2 , where λ 1 , λ 2 are the two largest eigenvalues of T T T . Both inequalities are violated iff λ 1 + λ 2 > 1.
Here the maximal violation S is defined as the maximum of the left hand side of Eq. (23) over A 1 , A 2 , B 1 , B 2 . Alternatively, S may be defined as the maximum of the left hand side of Eq. (27) , since the maximum in the former case can be attained by mutually unbiased measurements for Bob, as shown in the following proof. Strictly speaking, S represents the maximal violation only when it is larger than 2. To avoid verbosity, we shall not mention this subtlety again in the rest of this paper.
Proof. According to Horodecki et al. [27] (see also Ref. [28] ), the violation of the CHSH inequality satisfies
where the first inequality is saturated when b 1 and b 2 align with T T (a 1 + a 2 ) and T T (a 1 − a 2 ), respectively, and the second one is saturated when a 1 and a 2 are eigenvectors of T T T with the two largest eigenvalues [36] . The violation of the analog CHSH inequality reads
Here the first inequality is saturated when b 1 and b 2 form a basis in the span of T T a 1 and T T a 2 ; it suffices to consider mutually unbiased measurements for Bob, in agreement with the discussion on restricted LHS models. The second one is saturated under the same condition as that in Eq. (28) . Therefore, the CHSH and analog CHSH inequalities can be violated iff
What we have demonstrated in the above proof is actually stronger than stated in Theorem 3: the maximal violations of the CHSH and analog CHSH inequalities for fixed measurements of Alice are also equal. However, there is a crucial difference in Bob's measurements required to saturate the CHSH and analog CHSH inequalities, as reflected in Theorem 4 below. It should also be pointed out that Theorem 3 does not imply the equivalence of Bell-local (full) correlations and EPR-local full correlations under given measurements in the simplest scenario.
Theorem 4. Suppose both Alice and Bob can only perform mutually unbiased measurements. The maximal violation of the analog CHSH inequality by any twoqubit state with correlation matrix T is still equal to S = 2 √ λ 1 + λ 2 , where λ 1 , λ 2 are the two largest eigenvalues of T T T . The maximal violation of the CHSH inequality is equal to
Remark 2. In the steering scenario, the measurements of Alice (the steering party) are usually not characterized; in the Bell scenario, the measurements of both Alice and Bob are not characterized. However, to demonstrate nonlocality in experiments, precise characterization and implementation of these measurements are essential. Therefore, Theorem 4 is instructive to experimental demonstration of the two forms of nonlocality.
Proof. The conclusion on the analog CHSH inequality is clear from the proof of Theorem 3. Concerning the CHSH inequality, since A 1 and A 2 are mutually unbiased and so are B 1 and B 2 , we have a 1 ⊥a 2 and b 1 ⊥b 2 . Consequently, Eq. (28) reduces to
where c 1 = (a 1 + a 2 )/ √ 2 and c 2 = (a 1 − a 2 )/ √ 2 are orthonormal. The inequality follows from the variational characterization of singular values [45] ; it is saturated when c 1 , c 2 (b 1 , b 2 ) are the left (right) singular vectors corresponding to the two largest singular values of T .
and that the inequality is saturated iff λ 1 = λ 2 . Therefore, the maximal violation of the CHSH inequality is reduced under the restriction to mutually unbiased measurements whenever λ 1 = λ 2 .
Theorems 3 and 4 reflect a crucial difference between the optimal measurements in the simplest steering scenario and that in the simplest Bell scenario. In the former case, it is not necessary to align Bob's measurements as long as the span of his measurement vectors is the same as that of T T a 1 and T T a 2 ; it suffices to consider mutually unbiased measurements for both Alice and Bob to attain the maximal violation of the analog CHSH inequality. In the latter case, by contrast, the optimal measurements are much more restricted, and it is usually impossible to attain the maximal violation of the CHSH inequality if their measurements are both mutually unbiased.
C. Relations between entanglement, steering and Bell nonlocality
The relation between the maximal violation of the CHSH inequality and the concurrence C for two-qubit states [46] was determined in Ref. [47] . By Theorem 3, the same result applies to the analog CHSH inequality: The relation between S M and C can be derived similarly,
Both upper bounds are saturated by pure states and rank-2 Bell-diagonal states, while lower bounds are saturated by convex combinations of the singlet and a suitable product state (cf. Sec. V). By contrast, for entangled Bell-diagonal states, we have
Here Eq. (33) is derived in Ref. [36] ; Eq. (34) follows from a similar recipe. Both lower bounds are saturated by Werner states, while upper bounds by rank-2 Belldiagonal states. The relations between S, S M and C are illustrated in Fig. 1 .
As an implication of Eqs. (31) and (32), any two-qubit state with C > 1/ √ 2 can violate the analog CHSH inequality and is thus steerable. To violate the CHSH inequality under mutually unbiased measurements, it must have concurrence at least C > √ 2 − 1. So not all entangled pure states can violate the CHSH inequality in this scenario, although they can under optimal measurements. The restriction to mutually unbiased measurements severely limits the capability of two-qubit states in generating Bell-nonlocal full correlations, in sharp contrast with the steering scenario, in which this is not a limitation. This observation is instructive for clarifying the distinction between the two forms of nonlocality, which is quite relevant to experimental demonstration. It is also of intrinsic interest to understanding the relation between nonlocality and incompatibility of observables.
V. STRICT HIERARCHY BETWEEN STEERING AND BELL NONLOCALITY IN THE SIMPLEST SCENARIO
In this section, we provide a concrete example of twoqubit states that do not violate the analog CHSH inequality but are nevertheless steerable in the simplest steering scenario, that is, two projective measurements for both Alice and Bob. Our example shows that violation of fullcorrelation inequalities is not necessary for demonstrating steering, even in the simplest steering scenario, once full statistics is taken into account. This conclusion is in sharp contrast with the simplest Bell scenario, in which case violation of the CHSH inequality, a full-correlation inequality, is necessary for demonstrating Bell nonlocality [25, 28] . In this way, our example demonstrates a strict hierarchy between steering and Bell nonlocality in the simplest scenario.
Consider the two-qubit state ρ in Eq. (9) with
where 0 ≤ s ≤ 1. More explicitly, ρ has the form
(36) The state is a convex combination of the singlet and a product state,
where 
The partial transpose of ρ reads
whose eigenvalues are
The negativity and concurrence of ρ read
Therefore, ρ is entangled iff 0 < s ≤ 1. According to Theorem 3, the maximum violation of the (analog) CHSH inequality by ρ reads to Theorem 4, the same formula still applies under the restriction to mutually unbiased measurements, that is,
The coincidence S M (ρ) = S(ρ) follows from the fact that all singular values of the correlation matrix T are equal. It is worth pointing out that S(ρ) and S M (ρ) saturate the lower bounds in Eqs. (31) and (32), respectively. Suppose Alice can perform two projective measurements a m · σ for m = 1, 2. Then the assemblage {ρ ±|m } of Bob induced by Alice has the form
If Bob's measurement vectors are parallel to that of Alice's, that is, b m = a m for m = 1, 2, then ρ B and ρ ±|m belong to R = Span{I, b 1 · σ, b 2 · σ}, so we haveρ B = ρ B andρ ±|m = ρ ±|m . The steering-equivalent observables ofρ ±|m take on the form
Therefore, ρ is steerable by the given measurements iff the inequality in Eq. (15) is violated, where r m = −sa m and η m = (1 − s)a m3 for m = 1, 2.
Choose
then the state ρ is steerable in the simplest steering scenario, but cannot violate the CHSH or analog CHSH inequality, as illustrated in Fig. 2 . In this way, the state demonstrates a strict hierarchy between steering and Bell nonlocality in the simplest scenario. As a side remark, our example disproves the claim in Ref. [29] that violation of the analog CHSH inequality (when Bob's measurements are mutually unbiased) is both necessary and sufficient for demonstrating steering in the simplest steering scenario. The lapse in Ref. [29] appears in the paragraph above Eq. (10) there, where they claimed that the number of free parameters in the set of probability distributions P AB is 4 instead of 8; cf. similar result on the Bell scenario [28] . Note that the constraints on the probability distributions considered in Ref. [29] are not independent. By contrast, the number of free parameters characterizing full correlations is only 4. Therefore, an LHV-LHS model for full correlations is not a priori sufficient for guaranteeing an LHV-LHS model for full statistics.
VI. SIMPLEST AND STRONGEST ONE-WAY STEERING
In this section, we reveal one-way steering in the simplest and strongest form. Building on the previous work in Ref. [48] , we show that certain two-qubit states are steerable one way in the simplest steering scenario, but are not steerable the other way even under the most sophisticated measurements allowed by quantum mechanics. The following example also demonstrates the strongest hierarchy between steering and Bell nonlocality.
Consider the two-qubit state [48] ,
where |ψ(θ) = cos θ|00 + sin θ|11 with sin(2θ) = 0, and
The two-qubit state ρ(p, θ) has correlation matrix
so it can violate the analog CHSH inequality iff
According to Ref. [48] , the state ρ(p, θ) is unsteerable from Bob to Alice by arbitrary projective measurements and hence cannot violate any Bell inequality when
In addition, the state is steerable from Alice to Bob by two projective measurements whenever p > 1/ √ 2. However, the steerability was not inferred directly from steering criteria, instead it is inferred from violation of the CHSH inequality after applying a suitable local filtering operation. Also, the result presented in Ref. [48] does not a priori imply that the state with p > 1/ √ 2 is steerable in the simplest steering scenario under consideration here. Nevertheless, we show that our steering criterion derived in Sec. III can certify the simplest one-way steering, which is easy to verify in experiments.
Suppose the projective measurements of Alice and Bob are determined by the measurement vectors
Then, the R-restricted state assemblage of Bob is given byρ
(53) The corresponding steering-equivalent observables read
So, ρ is steerable from Alice to Bob in the simplest steering scenario whenever p > 1/ √ 2 according to the steering criterion in Eq. (15) or (26) (cf. Ref. [43] ). This condition turns out to be also necessary. To see this, note that ρ(p, θ) is obtained from the Bell-diagonal state ρ(p, π/4) (equivalent to a Werner state under a local unitary transformation) by applying local filtering operation on Bob's side. In addition ρ(p, π/4) is steerable by two projective measurements iff p > 1/ √ 2 [36] . Therefore, ρ(p, θ) is steerable from Alice to Bob in the simplest steering scenario iff
which is usually much easier to satisfy than the condition in Eq. (50) inequality. If, in addition, Eq. (51) is satisfied (p = 0.8 and θ = 0.05, for example), then the state ρ(p, θ) demonstrates the simplest one-way steering and the strongest hierarchy between steering and Bell nonlocality under projective measurements; see Fig. 3 . Next, we strengthen the above result by considering POVMs. Consider the state [48] 
It has correlation matrix
so it can never violate the analog CHSH inequality. In addition, it is not steerable from Bob to Alice by arbitrary POVMs when Eq. (51) is satisfied, while it is steerable from Alice to Bob by two projective measurements for a certain parameter range satisfying Eq. (51) [48] . Again, this conclusion does not a priori imply that the state is steerable from Alice to Bob in the simplest steering scenario. Fortunately, our steering criteria can certify the simplest one-way steering as in the previous case. For example, when p = 0.825 and θ = 0.020, the state in Eq. (56) is not steerable from Bob to Alice by arbitrary POVMs. However, it is steerable from Alice to Bob under the same measurement setting as specified in Eq. (52), in which case the inequality in Eq. (15) is violated by 0.021. In view of the discussion in Sec. III A, to demonstrate one-way steering proposed above, Bob may also perform a trine measurement instead of two projective measurements. One particular trine measurement takes on the form {(I + c j · σ)/3} j=1,2,3 , where
The resulting protocol has the least complexity cost of 12 that is inevitable [26] . Therefore, to demonstrate oneway steering, it suffices to employ the simplest setting that is able to demonstrate steering.
VII. SUMMARY
In summary, we studied steering systematically in the simplest nontrivial scenario. We showed that a twoqubit state can generate EPR-nonlocal full correlations in this scenario iff it can generate Bell-nonlocal correlations. When full statistics is taken into account, surprisingly, the same scenario can demonstrate one-way steering and the hierarchy between steering and Bell nonlocality in the simplest and strongest form. To illustrate these intriguing phenomena, we provided several fiducial examples, which can be realized in real experiments with current technology. In the course of study, we introduced the concept of restricted LHS models and thereby derived a simple SDP criterion to determine the steerability of any bipartite state under given measurements. Analytical criteria are further derived in several important scenarios.
Our work prompts several interesting questions, which deserve further study. For example, what is the explicit analytical necessary and sufficient criterion on steerability in the simplest steering scenario (two dichotomic measurements for both Alice and Bob)? Does there exist a two-qubit state that is not steerable in the simplest scenario, but is steerable in the second simplest scenario in which Alice performs two dichotomic measurements and Bob performs full tomography (by either three dichotomic measurements or a single four-outcome informationally complete POVM)? We hope that these questions will stimulate further progress in the study of steering.
Note added: Recently, we noticed that our work had some overlap with Ref. [49] .
In this appendix, we briefly review the hierarchy between entanglement, EPR steering, and Bell nonlocality for the convenience of the reader. The concepts of entanglement, EPR steering, and Bell nonlocality all originated from the EPR paradox [1, 2] . For a long time, the three concepts were thought to be equivalent to each other since researchers only considered pure states. Starting with the work of Werner in 1989 [16] , researchers gradually realized that the three concepts are, in general, very different for mixed states. There exists a logical hierarchy between them: Bell nonlocality is stronger than steering, while steering is stronger than entanglement.
In 2007, Wiseman et al. clarified the operational as well as mathematical distinctions between entanglement, EPR steering, and Bell nonlocality [4, 11] . In addition, they proved that, when restricted to projective measurements, steerability is strictly stronger than nonseparability, and strictly weaker than Bell nonlocality. In other words, every violation of a Bell inequality demonstrates EPR steering, and every violation of an EPR-steering inequality demonstrates entanglement (but the converses do not hold in general). Two-qubit Werner states provide a concrete demonstration of this hierarchy. Furthermore, recently the strict hierarchy was shown to hold even under generalized measurements, as represented by positive-operator-valued measures (POVMs) [22] .
The strict hierarchy between entanglement, EPR steering, and Bell nonlocality is also reflected in the complexity costs for demonstrating them experimentally, as pointed out by Saunders et al. [26] . Here the complexity cost is defined as
where P ≥ 2 represents the number of distinct parties in the experimental demonstration, S p ≥ 1 represents the number of different measurement settings employed by party p, O s p ≥ 2 represents the number of potential measurement outcomes for party p when setting s is chosen, and W represents the total number of potential joint measurement outcomes that may appear. The authors of Ref. [26] showed that the least complexity costs for demonstrating entanglement, EPR steering, and Bell nonlocality are W E = 9, W S = 12, and W B = 16, respectively.
In certain special cases, the hierarchy mentioned above may not always be strict. In the case of pure states, for example, it is well known that entanglement is both necessary and sufficient for demonstrating steering and Bell nonlocality. If the steering party can only perform two projective measurements, then a two-qubit Bell-diagonal state can demonstrate steering iff it can demonstrate Bell nonlocality [36] . In addition, the least complexity costs for demonstrating entanglement, EPR steering, and Bell nonlocality under projective measurements are all equal to 16. In general, it is highly nontrivial to determine the precise relations between entanglement, EPR steering, and Bell nonlocality for a given scenario.
All three concepts, i.e., entanglement, EPR steering, and Bell nonlocality, are useful in certain contexts. For example, all of them are useful to QKD. To be specific, Bell nonlocality is necessary for realizing deviceindependent QKD, while EPR steering is necessary for realizing one-sided device-independent QKD [10, 50] . In practice, it is usually much more difficult to demonstrate Bell nonlocality than EPR steering. Therefore, understanding the hierarchy between the three forms of nonlocality is of fundamental interest not only to foundational studies but also to practical applications. Our work is a contribution along this direction.
5. ρ can generate Bell-nonlocal full correlations in the simplest Bell scenario.
Remark 4. Here the simplest steering scenario and Bell scenario mean two projective measurements for each party. Statements 4 and 5 are equivalent since the CHSH inequality, a full-correlation inequality, is the only Bell inequality in the simplest Bell scenario [28] . However, we are not aware of any simple and intuitive proof of this latter fact. For Bell-diagonal states, the equivalence also follows from the fact that the marginal statistics are completely random. Remarkably, the following proof of the lemma does not rely on this equivalence.
Proof. EPR-nonlocal full correlations imply steerability, and Bell-nonlocal full correlations imply Bell nonlocality. Thanks to the hierarchy between steering and Bell nonlocality, any of statements 2 to 5 implies statement 1; statement 5 implies statements 1 to 4. According to our early work in Ref. [36] , a Bell-diagonal state is steerable by two projective measurements iff it can violate the CHSH inequality, that is, iff it can generate Bellnonlocal full correlations in the simplest Bell scenario. Therefore, statements 1 and 5 are equivalent, which implies the equivalence of all five statements in view of the above observation.
Alternative proof of Theorem 2. Let ρ be a two-qubit state and ̺ the Bell-diagonal state with the same correlation matrix as ρ. Then, ̺ and ρ generate the same full correlations in the simplest steering and Bell scenarios. In particular, ρ can generate EPR-nonlocal full correlations iff ̺ can, which is the case iff ̺ can generate Bell-nonlocal (full) correlations according to Lemma 2. Therefore, ρ can generate EPR-nonlocal full correlations in the simplest steering scenario iff it can generate Bell-nonlocal (full) correlations in the simplest Bell scenario.
Remark 5. The alternative proof does not yield a criterion on generating EPR-nonlocal full correlations directly. Interestingly, the theorem is established based on the hierarchy between steering and Bell nonlocality as well as the known criterion on the violation of the CHSH inequality. In sharp contrast, the proof in the main text establishes the relation between steering and Bell nonlocality by first deriving the maximal violation of the analog CHSH inequality. It yields a necessary and sufficient criterion on generating EPR-nonlocal full correlations directly and also provides a natural measure of the correlation strength. Both approaches are instructive and interesting in their own rights; together they offer complementary perspectives on steering and Bell nonlocality in the simplest scenario.
